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Abstract 

The distance-3 graph <S 3 of the Biggs-Smith graph 5 is shown to be: (a) 
a connected edge-disjoint union of 102 tetrahedra (copies of K±) and as 
such the i^4-ultrahomogeneous Menger graph of a self-dual (1024 ^confi- 
guration; (b) a union of 102 cuboctahedra, (copies of L(Qs)), with no 
two such cuboctahedra having a common chordless 4-cycle; (c) not a line 
graph. Moreover, S 3 is shown to have a C-ultrahomogeneous property for 
C — {K4} U {L(Qs)} restricted to preserving a specific edge partition of 
L(Q3) into 2-paths, with each triangle (resp. edge) shared by two copies of 
L(Qz) plus one of K4 (resp. four copies of L{Qi)). Both the distance-2 and 
distance-4 graphs, S 2 and S 4 , of 5 appear in the context associated with 
the above mentioned edge partition. This takes us to ask whether there 
any non-line-graphical connected ^-ultrahomogeneous Menger graphs of 
self-dual (/^-configurations that are edge-disjoint unions of at least two 
copies of K4 for positive integers n £ {42, 102}. 

1 Introduction 

Given a (di)graph T and a positive integer k < diameter (T), the distance-k 
graph T k of T has V(T k ) = V(T) and an arc in T k from a vertex u to a vertex 
ii^n whenever there is a shortest fc-arc of length k in T from u to v. A fc-arc in 
a graph is a sequence of vertices (vo, ■ ■ ■ ,Vk) such that consecutive vertices are 
adjacent and Uj_x 7^ when < i < k [9]- A fc-arc can also be interpreted 
as a directed walk of length fc in which consecutive edges are distinct [TT] . 

Ultrahomogeneous (or UH) graphs were introduced and treated in [3J |51 [TU1 HH 
[15] , but we deal here with the following modified concept of ultrahomogeneity. 
Given a collection C of (di)graphs closed under isomorphisms, a (di)graph G is 
said to be C- UH if every isomorphism between two induced members of C in G 
extends to an automorphism of G. If C is the isomorphism class of a graph H, 
then G is said to be {if }-UH or if-UH. If C is the isomorphism class of a graph 
H with an edge partition VL into 2-paths), then G is said to be VL-preserving 
{H }-UH or if-UH if only every ^-preserving isomorphism between two induced 
copies of H extends to an automorphism of G. In [T2], C-UH graphs arc defined 
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and studied when C is the collection formed either by the complete graphs, or 
the disjoint unions of complete graphs, or the complements of those disjoint 
unions. 

Let M be a subgraph of a graph H and let G be both an M-UH and an H- 
UH graph. (A particular case has H = L{Q 3 ) with an edge partition il into 
2-paths, as for example the L{Q 3 ) represented in Figure 4, Section 4 below, 
with M equal to a 2-path in fi). We say that G is an {^.-preserving) {H}m- 
UH graph if, for each induced copy Hq of H in G containing an induced copy 
Mo of M, there exists exactly one induced copy Hi 7^ Ho of H in G with 
V{H ) n V{Hi) = V{M ) and E{H ) n £(#1) = £(M ). These vertex and 
edge conditions can be condensed as Hq D Hi = Mo- We say that such a G is 
tightly fastened. This is generalized by saying that an {H}m-XJR graph G is an 
i-fastened {H}m~VR graph if given an induced copy Hq of H in G containing 
an induced copy M of M, then there exist exactly I induced copies Hi ^ Ho 
of H in G such that H n ff 2 M , for each i = l,2,...,£, with HiDHq = Mo- 
Observe that in these definitions we started by assuming that G is M-UH and 
fl-UH. 

A transformation of distance-transitive graphs into C-UH graphs that goes from 
the Coxeter graph on 28 vertices into the Klein graph on 56 vertices [7] is applied 
below to the Biggs-Smith graph S [3] seen as a {Cg}p 4 -UH graph. This 
allows to show that the graph obtained by the said transformation, namely the 
distance-3 graph S 3 of S, is a connected edge-disjoint union of 102 tetrahedra 
(copies of Ki) as well as a union of 102 cuboctahedra, (copies of L{Qs)) with no 
two such cuboctahedra having a common 4- hole (chordless 4-cycle). In addition, 
S 3 is shown to possess a C-UH property for C = {K4} U {L{Q^)} restricted to 
preserving a specific edge partition of L{Q^) into 2-paths, with each triangle 
(resp. edge) of S 3 shared by two copies of L(Q 3 ) plus one of K4 (resp. four 
copies of L{Q 3 )) exactly. Moreover, S 3 is seen to be the Menger graph [S] of a 
self-dual (102 4 )-configuration, but not a line graph. Both S 2 and S 4 are shown 
to be related to the above mentioned edge partition. 

Thus, the connected edge-disjoint union X of 42 copies of K4 in [6], forming a 
i^4-UH graph which is the Menger graph of a (424)-configuration but is not a 
line graph, is not the only case of Menger graph of a self-dual (?i4)-configuration 
which is connected edge-disjoint union of copies of K4 and i^4-UH but not a 
line graph: S 3 provides another such graph. This allows to raise the following 
question. 

Question 1 Are there any non-line- graphical connected K4-UH Menger graphs 
of self-dual {n^)- configurations that are edge-disjoint unions of at least two 
copies of K4, for positive integers n (jL {42, 102} ? 

We recall that the line graph of the d-cube, is -fQ-UH, where 3 < d £ Z |. 
Other considerations related to Question 1 can be found in Section 5. 
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2 Preliminaries 



We recall that the Biggs-Smith graph S has order n = 102, diameter d = 7, 
girth g = 9 and automorphism group A = PSL(2, 17) which is also shown to be 
that of the distance-3 graph S 3 of S in Theorem 7. Let k be the largest integer 
s such that S is s-arc transitive. Then k = 4. Finally, we also recall that the 
number rj of 9-cycles of S is rj = 136. 

Given a finite graph H and a subgraph M oi H with |V(i?)| > 3, a graph F is 
strongly zipped (or {-ff t/ff if for each sequence of connected subgraphs 
M = Mi, M2 . • • , M t = such that Mj+i is obtained from Mj by the deletion 
of a vertex, for i = 1, . . . , t — 1, it holds that G is a (2* — l)-fastened {H} M;-UH 
graph, for i = 1, . . . , t. 

Let Pfe be a (A; — l)-path. Let C g be a cycle of length g. Theorem 1 below as- 
serts that S is SZ {C ff } Pfc -UH, namely SZ {C 9 } Pj -UH. Also, S 3 is SZ {H} M -UR 
(Theorems 6-7), where H = L(Q^) and M is a triangle, but some additional 
concepts are needed: A graph G is rK s -frequent if every edge e of G is inter- 
section in G of exactly r induced copies of K s , and these copies have only e 
and its ends in common. (For example, is 2_K3-frequent, and L{Qz) is I-K3- 
frequent). A graph G is {H 2 , H{\k 3 - UH, where Hi is zi^s-frequent, (i = 1,2), 
if: (a) G is an H2-UH graph and an edge-disjoint union of induced copies of H2; 
(b) there exists an edge partition Q of Hi into 2-paths, and G is ^-preserving 
SZ {Hi}k 3 -UH; (c) each induced copy of H2 in G has each of its induced copies 
of in common with exactly two induced copies of Hi in G. 

Properties of S needed in the rest of the paper are covered in Section 3. In 
Section 4, consideration of the distance-3 graphs of the 9-cycles of S yields a 
{K4, L(Q3)}k 3 -\JH graph y via zipping (meaning identification into an edge) 
of corresponding oppositely oriented arcs of the resulting 3-cycles. Theorem 7 
uses Theorem 2, that establishes an explicit 1-1 correspondence between the 18 
disjoint unions of 4 17-cycles each in S and the points of the projective line of 
the field GF{YJ). Theorem 8, establishing y = S 3 , also yields two other graphs, 
appearing in the way the 102 copies of L(Q^) intersect, namely S 2 and 1S 4 . 

3 Properties of the Biggs-Smith graph S 

Let A - (A , A u A g ), D - (D 0j D 2l . . ., D f ), C = (C„, C 4 , C d ), 
F = (F , F 8 , . . ., Fq) be 4 disjoint 17-cyclcs. Each y = A, D,C, F has vertices 
yi with i expressed as an heptadccimal index up to g — 16. We assume that 
i is advancing in 1,2,4,8 units mod 17, stepwise from left to right, respectively 
for y = A,D, C, F. Then the Biggs-Smith graph S is obtained by adding to the 
disjoint union AU DUCU F, for each i £ Z17, a 6- vertex tree Ti formed by the 
edge-disjoint union of paths AiBiCi, DiEiFi, and BiEi, where the vertices Ai, 
Di, d, Fi are already present in the cycles A, D, C, F, respectively, and where 
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the vertices Bi and Ei are new and introduced with the purpose of defining the 
tree Tj, for < i < g = 16. A corresponding Frucht diagram [13] of S via 
Z17 is depicted on the left of Figure 2 below, with nonzero Frucht notation over 
the loops, and null Frucht notation over the remaining edges. Now, S has the 
collection Cg of 9-cycles formed by: 



S° — (A0A1B1C1C5 CgCdCoBo), 
T = (CoC4B 4 A4,A 3 A2A 1 AoBo), 
U° = {E F F 9 F 1 F a F2E2D 2 Do,) 
V = (E D D 2 D 4 D 6 D 8 E 8 F s Fo), 



W = (A A 1 B 1 E 1 F 1 F g F E B ), 
XO^CoCiBiEiDiDiDoEoBo) 
Y a = {E BaAaA l A- 2 B2E2D2Da). 
Z°=(F F s EgBsCsCiCoBoEo), 



and those 9-cycles obtained from these, as S x , . . . , Z x , by uniformly adding 
x € Z17 mod 17 to all subindcxes i of vertices yi, so that \Cg\ = 136. 

An auxiliary table presenting the form in which the 9-cycles above share the 
vertex sets of 3-arcs, either oppositely oriented or not, is shown below. The table 
details, for each one of the 9-cycles £ = S°, . . . , Z°, (expressed as £ = (£oj • • • > £s) 



in the shown vertex notation), each 9-cycle r\ in {S\ . . . , Z l \ i = 0, . . . , 16} \ {£} 
intersecting £ in the succeeding 3-paths ^^+1^+2^+3, for i = 0, . . . , 8, with 
additions involving i taken mod 9. Each such rj in the auxiliary table has cither 
a preceding minus sign, if the corresponding 3-arcs in £ and rj are oppositely 
oriented, or not, otherwise. Each shown —rjj (resp. rjj) in the table has the 
subindcx j indicating the equality of initial vertices rjj — £^+3 (rcsp. rjj = ^) of 
those 3-arcs, for i = 0, . . . , 8: 



S° 

r l '0 

u° 

V 



(-Tf, T 7 \-Zlsl S|,-Z|, T d ,-T 6 °, U°), 

( Y',-vi,zt,-wSrwS, zI-u^yS, si) 
<rz* -x*,-x° ,y 7 ° ,-z° ,t° ) 



W°:(-U°, Wl, W?-Ul,X*,-Xl,Y°,-X°,X°), 
X°:(-V°,xf,Xf,-V*,- W<! ,W*,-Z°, W[ ,-W°), 
Y°:(U° ,-T° -T/ , U ( ) -Yi , v/ , W° , V° ,-y/ ) , 



This table is extended to all of Cg by adding x G Z17 uniformly mod 17 to all 
superindexes. 



Theorem 2 S is an SZ {Cg}p i+2 -UH graph, for i = 
particular, S is a {Cg}p 4 -UH graph and has exactly 2 k ~ 



0,1,.. 



,k - 2 = 2. In 
= 136 9-cycles. 



Proof. We have to see that S is a (2 l+1 — l)-fastened {Cg}p 4 _ i -UH graph, for 
i = 0,1, 2. In fact, each (3 — i)-path P^-i of S is shared exactly by 2 l+1 9-cycles 
of S, for i = 0, 1,2. For fc = 4, any edge (rcsp. 2-path, resp. 3-path) of G is 
shared by 8 (rcsp. 4, rcsp. 2) 9-cycles of G. This means that a 9-cycle Cg of G 
shares a P2 (resp. P3, resp. P4) with exactly other 7 (resp. 3, resp. 1) 9-cyclcs. 
The statement follows from this and the details previous to it together with a 
simple counting argument for the number of 9-cycles. rj 

The reconstruction of S from the 17-cycles A, D, C, F will be denoted 

X(A,D,C,F) = ^(P 1 ,^ 2 ,^ 4 ^ 8 ), 

where P 1 = A, P 2 = D, P 4 = C, P 8 = F, in order to see that it yields 8 au- 
tomorphisms of S obtained by multiplying modulo 17 the successive exponents 
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of P, (= P 1 = A), by 2: 



N(P 1 ,P 2 ,P 4 ,P s )-i.N(P 2 ,P 4 ,P s ,P _1 )-s. ...-s.K(P~ s ,P\P 2 ,P 4 )-s.tt(P 1 ,P 2 ,P 4 ,P 8 ). 

Observe that a 9-cycle x of S sharing exactly a 1-path xa with A shares exactly 
a 2-path ij? with F, with distance 3 between xa and ig realized by two vertex- 
disjoint 3-paths in x. Note that xa,xf and the two 3-paths separating them 
are edge-disjoint. By using repeatedly this fact, it can be seen , say via a 
representation of S showing the vertices of A, D, C, F symmetrically distributed 
on four concentric circles, that there is another reconstruction K(A°, D°, C°, F°) 
of S with four disjoint 17-cycles: 

A° = (A A 1 B1C1C5B5 E 5 F 5 F d Fi F c E c B C C C C g B g A g ) = (A°,A°,...,A° g ), 
D° = (F F 8 E s D a D 6 E e B 6 C 6 C 2 C f C b B b E b D b D 9 E 9 F 9 ) = (D°,D°,...,D«), 
C°=(CoC 4 .B i A 4 ,A s B 3 E 3 D 3 D 1 D g D e E e B e A e A d B i C d )= (C°,C?,...,C°), 
F° = {D D 2 E 2 F 2 F a E a B a A a A 9 A 8 A r B r E 7 F 7 F f E f D f )= (P°,F°,...,P°), 

where A = A%, F — D§, C — C°, D = F °, etc., and where the vertices 
D®, C°, F®, for each fixed i £ Z17, are the degree-1 vertices of a 6-vertex tree 
Tf, like the tree Ti above, formed by the disjoint union of the paths A®B®C® , 
D°E°F° and B°E°. An involution for i £ Z 17 in D°, C°, F°) is also 

present whose orbits arc {y }, {y 1 ^ 9 }, {y 2 ,y f }, {?/ 3 ,y e }, {y 4 ,y d }, {y 5 ,y c }, 
{y 6 ,2/ 6 }, {y\y a } and {y 8 ,?/ 9 }, where y £ {A, B, C, D, E, F}. For example, 
D, C, F) and D°, C°, F°) are represented in Figure 1 below, where 

A, A (resp. D, D°; C, C°; D, D° have thick black (resp. green; blue; red) edges. 




As As As 



Figure 1: Assemblies H(A,D,C,F) and L>°, C*°, F°) of 5 

There is a copy of the dihedral group Dg as a subgroup of the automorphism 
group A of iS that has: (a) a cyclic subgroup of order 8 generated by an au- 
tomorphism that sends Ai onto F>n (given below by a matrix p) and (b) an 
automorphism that sends Ai onto A® (given below by a matrix a 2 ), where 
i £ Z17. Moreover, A contains a subgroup Ao which is a semidirect product of 
this copy of Dg and a copy of Z17 generated by a matrix 9, also given below. 
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There are 18 reconstructions of S, of which we just treated ^(A,D,C, F) and 
D°, C°, F°). The remaining sixteen reconstructions, denoted £)•?', 
C j , F*), have 17-cyclcs A> , D j ,C j , F j , with ^ j £ Z 17 , obtained from 
A ,D°,C°, F° via uniform addition of indexes mod 17. If we denote by A\( 
the order-9 subgroup of A generated by an adequate rotation £ of a 9-cycle of 
iS, then the 18 reconstructions above are related by means of the subgroups 
A\(. Each such subgroup A\( of A: (a) has a scmidirect product with Ao equal 
to A, showing that \A\ = 17 x 3 2 x 2 4 and how A is structured by means of 
semidirect products from D s , Zn and A\C,; (b) partitions V(S) into eleven 9- 
orbits and one 3-orbit O^. The stabilizer in A\( of any of the three vertices of 
0£ C V(S) (on which A\( C A acts) contains a copy of the symmetric group 
S3. Each one of these three vertices have distance 3 from ( realized by paths 
whose ends in £ subdivide it into paths of length 3. (This disposition of ver- 
tices will yield in Section 4 three disjoint copies of K4 in y). For example, if 
C = (F g FsFoFgFiEiDiDgEg), then O c = (A D 7 D a ). 




^-^0 9) 1 



urn 



1(9) 1(9) 2(9) 3(9) 4(9) 5(9) 6(9) 7(9) 8(9) 9(9) a(9) b(3) 

Figure 2: Frucht diagrams of S via Z17 and Zg 

There is an 11-arc departing from each vertex of yielding a total of 9 disjoint 
11-arcs, three arriving at each vertex of 0^, with component vertices at each 
fixed distance d < 11 from Q forming a corresponding 9-orbit O d , so we can 
write O = C and O 12 = O^. A corresponding Frucht diagram [13] of S via 
Z 9 is depicted on the right of Figure 2, where each number denoting a vertex 
is followed with the parenthesized size of the Zg-orbit it represents, and with 
nonzero Frucht notation [13] over edges taken as arcs from left to right, so that 
the corresponding oppositely oriented arcs have the respective negative Frucht 
notation; horizontal edges, not having an explicit Frucht notation denoted, must 
be taken with null Frucht notation. There is a correspondence between the 
original notation of S and a new one based on this Frucht diagram, obtained by 
re-expressing the 9 11-arcs as follows: 

F g F 7 F f E f D f D d E d B d C d C B Ao -> lo 2 3 4 5 6 7 8 9o ao bo 

F a EaB 8 AsA 9 A a A b B b E b D b D a D 7 -> 0i li 2i 3i 4i 5i 61 7i 81 9i 01 61 

F EoDoD2E 2 B 2 C2C 6 C a B a E a D a -> 2 1 2 2 2 3 2 4 2 5 2 62 7 2 82 9 2 a 2 b 2 

F 9 E 9 B 3 C C ; ,B ;> A ;> A i A 3 A2A 1 Ao 031323334353637383930360 

F 1 F a F 2 F b F 3 F c F 4 F d F ; ,Ei,D 5 D v -y i l i 2 i 3 i i i 5 i (i i 7 i 8 i 9 i a. i b 1 

EiBiCiC e B e A e A d A c B c E c D c D a -y 5 I5 2 5 3 5 4 6 5 5 65 7 5 85 9 5 a 5 b 2 

D 1 D 3 E 3 B 3 C3C 7 C b C f B f A f A g A -> 6 1 6 2 6 3 6 4 6 5 6 6 6 7 6 8 6 9 6 a 6 b 

D g DeE e FeF 6 E 6 B e A 6 A 7 B 7 E 7 D 7 -> 071727374757677787970701 

E g B g C g C c CsC4B 4 E 4 D 4 D 5 D s D a ->■ 8 Is 2 S 3 8 4 8 5 8 6 8 7 S 8 8 9 8 a 8 6 2 

The 18 reconstructions of 5 cited above correspond in a 1-1 fashion to the 18 
points of the projective line V over the field G-F(17); this 1-1 correspondence 



G 



is to be set by the end of this section. Elements of PSL(2, 17), represented by 
2 x 2- matrices over GF (17), act over these points by left multiplication. In order 
to fit with the 2 x 2-matrices provided below, H(A, D, C, F) must correspond to 
the point of V given by the column vector ( g ). Then the point at oo, given by 
(°) , and the remaining points, given by vector columns Q) , for 9 ^ j G GF(17), 
correspond to the remaining reconstructions D l , C l , F l ), for i G GF (17). 

The stabilizer of the group PSL(2, 17) at any fixed element of V coincides with 
the automorphism group of the 3-cube Q3. To see that this is also the stabilizer 
Aa °f A at the vertex Aq of S, recall that the number of 4-arcs departing 
from a fixed vertex of S is 24. Each such 4-arc determines a unique oriented 
17-cycle and a unique oriented 9-cyclc of S. Thus, there are twenty four oriented 
17-cycles passing through each vertex of S, in particular through Aq. Two of 
these oriented 17-cycles are A = (A0A1A2 . . . A g ) and its oppositely oriented 
17-cycle, —A. The other oriented 17-cycles through Aq are obtained from the 
reconstructions of S above. In fact, Aa nas generators a, /3, 7 of orders 4, 2 
and 3 respectively, that map the successive vertices of A, as presented above, 
onto the respective successive vertices of — D 9 , D 10 , — C 3 . Moreover, a, /3, 7 
form a generating set of the automorphism group of Q3. For example, the 
automorphism that sends A onto — A equals a 2 ^ 2 . Likewise, A is sent onto the 
following 17-cycles, by means of the automorphisms expressed in the subsequent 
contiguous line: 



A° 


A 1 


c 3 c 4 


D 7 


D s 


D a D" 






AB 




a 3 7 




ca-y 2 


Qt 3 


a 3 P~t 2 




a 2 P 


Pi 


— A 


— A 1 


-C 3 -c 4 


-D 7 


— D 8 


-D 9 -D a 


_ c d 


-C 


— A g 


M 2 


a 2 7 2 


7 7 2 


a 2n f 


a./3'y 2 


a a/3"/ 




a 3 /37 


a 3 



completing the specifications for the 24 elements of Aa , that yield informa- 
tion about 12 of the 18 reconstructions of S, with each two oppositely oriented 
17-cycles displayed belonging to a specific reconstruction. These twelve recon- 
structions are respectively D l , C 4 , F l ), for i = 0,1, 3, 4, 7, 8, 9, a, d, e, g. 

The generators a, j3, 7 of Aa can t> e associated with the following matrices: 

a^(_ ^), ^-(^o 1 ). ? -»(_!_!)• 

These matrices allow to establish a group embedding of Aa onto PSL(2, 17). 
By Lagrange's theorem, Aa partitions A into 102 classes, corresponding to the 
102 vertices of S. Also, 7 has as cubic roots the following three matrices: 

mh -+ ( 9 2 !?), i¥ih -+ (i i s 5 ), ^ (• i;). 

Any of these cubic roots can be associated to a rotation generator of A\(. Let 
(^7)1 be such a generator. We can take the copies of the subgroups Z17 and 
Ds in A above to be generated in PSL(2, 17) by its elements represented by 

p^(-U), ^^(Zlt), 
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where has order 17, p has order 8 and p combines with a 2 (or with (3) to form 
a copy of D 8 in A. These copies of the two subgroups Z17 and D s in A, related 
adequately via scmidirect products to the copy of Zg generated by (^y)i, yields 
an isomorphism A — > PSL(2, 17) to be used specifically in Theorem 7. 

Because A and — A are represented by the identity and by a 2 /3j 2 , respectively, it 
can be seen that the reconstruction D, C, F) of iS has associated the point 
(g) of V with the vertex Aq. Similarly, because A and —A arc represented 
by a 2 and by (3j 2 , respectively, the reconstruction N(A , D° , C° , F°) of S has 
associated the point ( 10 ) of V with the vertex Aq. The selection of 6 is motivated 
for it takes this point, (*) G "P, via successive powers 9,9 2 , . . . onto the following 
points: 

Go), ds). (i). (A). (A). G). ds). (0). (?). (1). G). d 1 *). G). G). G). G). G). 

which correspond to the successive reconstructions D l , C l , F l ) of S, for 

i = 0, . . . , 8, 10, . . . , 16, thus establishing the desired 1-1 correspondence from 
the family of 18 reconstructions of S onto V . 

Theorem 3 In S, there exist 18 disjoint unions of four 17 '-cycles each, deter- 
mining 18 corresponding reconstructions of S 3 . Those unions in S are in 1-1 
correspondence with the 18 points of the projective line V of GF (17) in such a 
way that the action of A on the family of these reconstructions is equivalent to 
the natural action of PSL(2, 17) on V . rj 



4 The {K 4 , L(Q 3 )} K3 -UH graph y = <S 3 

We keep using the notation of S and its collection Cg of 136 9-cyclcs in Section 
3. Let (Cg) 3 be the collection of distancc-3 graphs of 9-cycles of Cg. In each 
copy wowi of P2 in a member Cg = (Cg) 3 of (C9) 3 , where Cg G Cg, let us 
denote by e the edge between u>o and W\. Then, the initial vertex wq, the initial 
flag {u>o,e}, the terminal flag {e,wi} and the terminal vertex ui\ of wo^i are 
indicated, respectively, by means of the names of the vertices Vq,V\, 1)2, V3 of the 
copy V0V1V2V3 of P4 in Cg for which wqWi stands in C|. 

For example, if Cg = S° = (AoA^xdC^gCdCoBo), so that Cf = (S ) 3 = 
(AoC 1 Cd)(AiC 5 Co)(B 1 C 9 B ), then the initial flag of the copy A Ci of P 2 in 
C| = (S* ) 3 is indicated by Ay, the terminal flag by B>i, while Aq and C\ 
are indicated by themselves, namely Aq and C\. We get the indications over 
Cf = (S ) 3 shown in Figure 3. 

We zip now corresponding arc pairs of the distance-3 graphs C| obtained from 
<S, in order to get a graph y with the desired C-UH properties, meaning that 



Co 



C o o C o o o— 

Aq Ai Bi C\ C5 Cq Cd Ai B\ C± C5 Cg Cd Cq B\ C\ C5 Cg Cd Cq Bq 



Figure 3: Example of indications over Cf = (5°) 3 = {AoA^dC^CgCdCgBgf 



we identify into an edge corresponding oppositely oriented arcs of the resulting 
3-cycles. The following sequence of operations is performed; (compare with [7]): 

S -> Cg -> (C 9 ) 3 -> y. (1) 

Next, we explain how this operation 5 — > y is composed. The distance-3 
graphs Cg of the 136 9-cycles Cg of S are formed by three disjoint 3-cycles each, 
yielding a total of 3 x 136 = 408 3-cycles. Thus, Cg determines a collection of 
408 triangles in y, with each edge of y shared by exactly two such triangles. 
In fact, we identify or zip in these triangles the pairs of copies of Pi obtained 
as distance-3 graphs of copies of P4 in S. This yields 102 copies of K4 that 
can be subdivided into six subcollections {Y 1 } of 17 copies of K4 each, where 
Y G {A,B,C,D,E,F} andi g {0, 1, . . . , 16 = g} = Z 17 . The vertex sets V(Y l ), 
each followed by the set A (15) of copies of K4 containing the corresponding 
vertex Yi (as in the notation of Section 3), can be taken as follows, showing 
Z2-symmetries produced by the change-of-sign involution in Z17; 



V(A*) = {C„ 


Di, 


Ei4-4, 


£,-4}, 


A(A,) = {C\ 


£>*, 


E i+7 , 


B* 


- 7 }- 


V(B*)={D i+3 , 


Di- 3 , 


F i+5 , 


Fi_s}, 


A(Bi) = {-D*+ 2 . 




pi + 8 


F* 




V(C') = {A„ 


F iy 


E i+U 


Ei-i}, 


A(C,)={A\ 


F\ 




B* 


- 6 }, 


V(D*)={A it 


Di, 




Bi- 2 }, 


A(£»i)={A*, 


D\ 


B*+ 3 , 


B' 




V(E*)={C i+6 , 


Ci-e, 


A i+7 , 


Ai_ 7 }, 


A(B i )={C*+ 1 , 


c*-\ 


A*+ 4 , 


A* 


- 4 }. 


V(F*)={C it 


F it 


Bi + 8, 


Bi-a}, 


A(n)={c*, 


F\ 


B*+ 5 , 


B' 


- 5 >, 



where i G Z17. This reveals a duality map <fi from the 102 vertices of S onto the 
102 copies of K4. In fact, the copies of K4 are the vertices 

<j,(Ai) = A 3t = A* , (f>(Bi) = B~ 7i = B* , 0(C;) = C 3t = C* , 
<f>{Di) = D 5i = D* , <f>(Ek ) = £ 6i = E* , <j,{Fi) = F 5t = F* , 

(i £ Z 17 ), of a graph 0(5) = S* = S with a structure similar to that of 
the vertices Ai, Bi,Ci, Di, Ei, Fi of 5 and whose copies of K4 can be precisely 
denoted = Ai, Bi,Ci, Di, Ei,Fi, with corresponding vertex sets A(y,) as spec- 
ified above. Moreover, : 5 — > 5* is a graph isomorphism, with the adjacency 
of 5* similar to that of S. 



The distance-3 graph of each 9-cycle of 5 is composed by three disjoint 3-cycles 
in y. For example, the distance-3 graphs of S°, . . . , Z° are: 

S°^{E 7 \A e =(A ,C u C d ), E h \A i = (A u C 5 ,C ), F S \F 9 =(B U C 9 ,B )}; 
T°^{E b \C s = (Co,Ai,Ai), £ a \C g = (C 4 ,A 3 ,A ), D 2 \D 2 = (B 4 ,A 2 ,B )}; 
U°^{C 1 \A 1 = (E ,F 1 ,E 2 ), B 5 \D 8 =(F ,F a ,D 2 ), B'\D b = (F 9 ,F 2 ,D )}; 
V°^{A*\C 4 = (E ,D 4 ,E a ), B3\F f = (D ,D 6 ,F 8 ), B^\F a = (D 2 ,D s ,F )}; 
W°^{C \E g = (A ,E 1 ,Fa), C 1 \S 2 =(A 1 ,Fi,B ), F 9 \C 9 = (B U F 9 ,B )}; 
X°^{A°\E d = (C ,E 4 ,D ), A 4 \B 8 =(C 4 ,r>4,So), D 2 \A 2 = (B 4 ,D 2 ,B )}; 
Y°^{C 1 \F 1 = (E ,A 1 ,E 2 ), D 2 \B 4 = (B ,A 2 ,D 2 ), D°\B f = (A ,B 2 ,D )}; 
Z°-y{F°\B 9 =(F ,B a ,C ), F^\B g = (Fs,C 8 ,B ), A 4 \£> 4 =(S 8 ,C 4 ,B )}- 
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This way, it can be seen that y is a K4-UH graph. Moreover, the vertices and 
copies of K4 in y are the points and lines of a self-dual (1024)-configuration, 
which in turn has y as its Menger graph. However, in view of Beinekc's char- 
acterization of line graphs pQ , and observing that y contains induced copies of 
if 13, which arc forbidden for line graphs of simple graphs, we conclude that y 
is non-line-graphical. We obtain the following statement. 

Theorem 4 y is an edge-disjoint union of 102 copies of Kt±, with four such 
copies incident to each vertex. Moreover, y is a non-line- graphical K4-UH 
graph. Its vertices and copies of K4 are the points and lines, respectively, of a 
self-dual (IO24) -configuration which has precisely y as its Menger graph. In par- 
ticular, y is arc-transitive with regular degree 12, diameter 3 and distance distri- 
bution (1, 12, 78, 11). Its associated Levi graph [5] is a 2- arc-transitive graph with 
regular degree 4, diameter 6 and distance distribution (1,4, 12,36, 78,62, 11). 

Proof. The statement is immediate from the data given by the construction 
of y via operation (1) and because of the fact that S is a distance-transitive 
graph. □ 



Remark 5 A proof yielding the group structure of the automorphism group B 
of y is part of the proof of Theorem 6. However, the Magma software allowed 
to verify that the automorphism group of y is B = A = PLS(2, 17), whose 
order is 2448, and that the Levi graph associated to y has automorphism group 
SL(2, 17), whose order is 4896. 

Theorem 6 y is a {K^-UH graph. 

Proof. Consider an isomorphism : 61 — > 62 between two copies 61,62 of 
K4 in y. By construction, each 6^ (i — 1,2) arises from 4 9-cycles 6\ in S 
(j = 1, 2, 3, 4) related so that each one of them have their union as a subgraph 
6; of S with 4 vertices v\ of degree 3 and 12 vertices of degree 2 which are 
the internal vertices of 6 3-paths whose endvertices are the vertices vj. For 
example, the vertices v\ = B ,vf = B\,v\ — Fg,vf = Cq,v\ = B\,v\ = 
B 2 , v 2 l 3 = F a , v 2 — C a in S determine such subgraphs 61, 62 in y and 61, 62 
in S. Clearly, ^ induces an isomorphism '5 : 61 — > 62 that sends say each v\ 

onto a corresponding v 3 2 (j = 1,2,3,4). An automorphism \E' of S exists that 
extends ^ . Moreover, '5 determines an automorphism of y that restricts to "J, 
which completes our verification that y is a {i^j-UH graph. rj 

Each of the 102 copies of in y arises from the distance-3 graphs of four of the 
136 9-cycles of S. The subgraph of S spanned by these four 9-cycles contains four 
degree-3 vertices, (which are initial and terminal vertices of corresponding copies 
of P4, as in the first paragraph of the section), and twelve degree-2 vertices, 
(internal vertices in those copies of P4). These twelve vertices form a copy C of 
L(Qs) in y. For the copy A Q of K4 in y, the copy C = a of L(Qz) in y can 
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Df B 1 D4 A 4 C4 F 4 Bd D T Df 




B4 p d Cd A d Dd b 9 ® 2 D 2 B* 



Figure 4: Copy a of L(Q 3 ) in y 

be represented as in the long rectangle TZ in Figure 4, where: (a) the leftmost 
and rightmost dotted lines of TZ must be identified by parallel translation; (b) 
each of the 8 shown copies A of K 3 forms part of a corresponding copy V of 
K4 (among the 102 in y) with its name written on the exterior of TZ about the 
horizontal edge of A and with the fourth vertex of V having its name written 
on the interior of A; (c) the edges are colored via an edge partition fi into 
2-paths, each having its two composing edges displaying a common color from 
a set of three colors that are present in every triangle, with equally colored 
opposite edges in every 4-hole, where red, green and blue edges are indicated 
respectively with color symbols 1, 2 and 3. For y = a, 6, c, d, e, /, we denote the 
copies y° of L(Q 3 ) as follows: 

a°: (DfDidBd) (BiC d D d D 2 ) F d E FiB (B 1 D l A 4 C i F 4 B d D i D f ) (F d B 5 A d E 9 B a F b D 2 A 2 ); 
b°:(D 5 D g E c F d ) {DcFiEsD!) F e E 3 E e F 3 (B 2 F 7 AnC g C d A d B 8 D b ) (B a D 6 C 4 A^dB" D f ); 
c°: (F 8 F\AiB g ) (B\A g F g F 9 ) D g E D 1 B a {B d D a C 1 E 2 D 1 B 3 F 8 C 8 ) (D 9 B e C 9 E S B A D 7 F 9 C g ); 
d°: (A 1 A f D f E 2 ) (EjD 2 A 2 A g ) C 2 B C f E {E»C c Dl B d AS EtC 1 Ft) (A 2 E 6 D 2 BiE^CsCn F g ): 
e°: (A 6 A 9 B b C 2 ) (A b C f B s A 8 ) C a B 7 B a C 7 {E ! 'C 5 D 9 D 9 F 2 F 2 E d A 3 ) (E 4 A^F ! F s D a E S E 1 C C ); 
f°:(C4C 9 F 9 E 8 ) (E 9 F 8 C 8 C d ) A 8 B a A 9 E (EfA 5 F 9 BiC 9 E a A 4 D 4l ) (C s E 7 F s B g E 2 A a A d D d ): 

and denote y % via translation mod 17, for ^ i £ Z17. These a°,c°,d , f°, 
(resp. b°,e°) are similar, say with respect to D i7 Fi, A i: Ci : (resp. Ei,Bi), etc. 
Each copy y % of L(Q 3 ) admits an edge partition fl = into j-colored 2- 

paths (j G {1,2,3} as in Figure 4) in such a way that each (monochromatic) 
2-path in an Q(y l ) is shared only by another copy of L(Q 3 ) in y. (see item (3) 
of Theorem 7, below). We may write y l — y\ U y\ U y\ : the vertex-spanning 
edge-disjoint union of the red, green and blue subgraphs in each case, as is the 
situation in Figure 4 for y l = a . 

Each vertex of y belongs exactly to twelve such copies C of L(Q 3 ). Figure 5 
shows the complements of Aq in four of the twelve copies of L{Qz) containing 
Aq (sharing the long vertical edges), where the black vertices form the 8 4- 
holcs containing Aq, and some edges and vertices appear twice, in fact once 
per copy of L(Q 3 ). For example, the leftmost and rightmost edges must be 
identified by parallel translation. Alternate internal anti-diagonal (i.e. from 
top-right to bottom-left) 2-paths in Figure 5 also coincide with their directions 
reversed. This contributes to the edge partitions Q(y l ) into 2-paths, exactly the 
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Ci A s d Di B 2 F a F B 9 d 

Figure 5: Complements of Aq in four of the twelve copies of L(Qs) 



2-paths along which these coincidences occur. (Notice that the middle vertices 
of these 2-paths are the neighbors of Aq in S, and that their degree- 1 vertices 
are at distance 2 from Aq in S). The 9-cyclcs of the Cg in Section 3 intervene 
in the formation of the oriented 3-cycles containing Aq, (namely E 7 \ A e — 
(Aa,C u C d ) C S°, E a \ C g = (A Q ,B 2 , D ) c Y°, D°\B f = (A Q ,B 2 ,D f ) c Y°, 
C° \ Eg = (Aq,Ei,Fq) C W°, all cited in the table displayed shortly before 
Theorem 3, and of which Figure 5 just mentions the corresponding containing 
copies of K^. E 7 , E a , D°,C°) and the involved copies of L(Q 3 ) (namely e b , d 2 , 
c 1 , / 9 ), induced respectively by the long vertical edges (namely C^Ci, A3C4, 
D B 2 , E\Fq) and by the 6-cycles they separate (namely (CdB 5 A 3 C4A 5 Ci), 
(A3E4D0B2D4C4), (D F 2 E 1 F F a B 2 ), (EiEgCddBgFo)). There are two other 
complements of Aq in the union of four copies of L(Q^) : yielding a total of three, 
whose symbolic information can be set as in the following three respective arrays, 
the left one summarizing the data in Figure 5, where the two twice- repeated 
middle vertices appear between parentheses to the right of the heading Aq and 
the remaining data displayed as in Figure 5: 



Ao(BoAi) 

(E''e b E^d 2 D ( >c 1 C P) 
{C d B s A i E i D F 2 E 1 E 9 ) 
(-B4-B1 E 2 CaFoA 2 CsFa) 
(A 2 C 9 E A i B 1 D 2 CoF 1 ) 
(C 1 A 5 C i D i B 2 F a F B 9 ) 



A (A 1 A g ) 

(E 7 d!>C d 1 E a e 9 D0e a ) 
(dE.EgDaAaC-rBjCe) 
(D\AfCi,B\C 2 B g B < ,A 2 ) 
(B g CeA 2 DgAfB 3 B 1 Cf) 
{A e D B EiE 3 C g C b B 2 C a ) 



A {A g B a ) 

(EtdfDOcaCopEc-eS) 
(A e E d D Ff EgEsdBc) 
(EfCoFgAfC c EoB d Bg) 
(E A d BgD f C FgA f Cs) 
(C d D d B f F 7 F B a C g A c ) 



Some edges arc shared by two different of these three arrays. In fact, each of the 
edges bordering the 2-paths uj presented in anti-diagonal 4-paths as in Figure 5 
is present also in the second or third arrangement. For example, the edge B1A3 
of E 4 on Figure 5 appears in the second arrangement. The vertices B , Co, D , 
Eq and fo admit similar arrangements. Additions mod 17 yield the remaining 
information for neighboring copies of K4 and L(Qs) at each vertex of 3^- From 
the facts presented up to this point, we have the following properties expressed 
as a single theorem. 

Theorem 7 (1) y is a connected union of 102 copies of L{Q 3 ), each with an 
edge partition VL into 2-paths. (2) Each edge in y is shared exactly by four 
copies of L(Qs) iny. (3) Each copy A of K3 (resp. 2-pathu £ &{y)) of a copy 
y of L(Q 3 ) in y is shared exactly by two copies y,y' of L{Qs) in y. (4) Each 
two copies of L(Q3) sharing a copy A of K3 in y share A with exactly one copy 
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of Ki in y. (5) each A-hole ofy exists in just one copy of L(Qs) in y. (6) y 
is an fl-preserving SZ {L(Q3)}if 3 -UH graph. (7) y is L(<33)}k- 3 -UH. (8) 
The automorphism group B ofy is A = PSL(2, 17). 

In item (3) of Theorem 7, for each triangle A in y, the copies y, y' of L(Qz) 
intersect exactly in A, while for a 2-path to £ £l{y) in y, not only uj is shared by 
y,y', but y,y' also share a vertex at distance 2 from the endvertices of u>. This 
common distance, 2, is realized by 2-paths in the other two colors ^ from the 
color of uj, in each of y and y' , as in Figure 4, where for example the red-colored 
2-path F4D2B4 (present both in a and c 3 ) is at distance 2 from vertex D4 (also 
present in a and c 3 ) via the green-colored path B^FdD^ and the blue-colored 
path F4C4D4. 

Proof. The C-UH properties of y in the statement arise because of its con- 
struction via operation (1) and the fact that S is distance-transitive. 

We explain now how a 2-path-preserving isomorphism : 0j — > 2 between 
two copies 0' 1; 2 of L(Qs) in y can be extended to an automorphism of S. 
Both Q[ and 2 are colored in the fashion of Figure 4 with respecting 
colors, thus inducing a 1-1 correspondence between the color classes of and 
2 . In each copy of L(Qz) in y there are exactly 12 monochromatic 2-paths, 
4 in each one of the 3 colors, and exactly 12 dichromatic 2-paths, a total of 
24 2-paths. A 2-path-preserving isomorphism W : Q\ — > 2 can be extended 
to an automorphism of y because the information gathered in 0^ arises from 
corresponding information in a subgraph 0'j in <S (i = 1, 2) so that \E ,/ comes 
from an isomorphism : G'i — > Q*2- However, we notice that Q'. L = 8j 
(i = 1,2) for a corresponding 0^ as in the proof of Theorem 4, but while the 
vertices of 0^ are the degree-2 vertices of 0', = ©i, the vertices of 0^ are the 
degrec-3 vertices of 0i = 0',. Here the pairs (0^,0^) are of the form (Y^,y^), 
where_(y,2/) e {(A, a), (B, b), (C, c), (D, d), (E, e), (F, /)} and j € Z 17 . Then 
^' = ^ : 0i — > 02 is a corresponding map as in the proof of Theorem 4. But 
now = $ extends to an automorphism of S, as in the proof of Theorem 4. 
This takes us to an automorphism of y that extends \I r ', as claimed above. 

For example, the red 2-path B/^FdD^ in the copy a of L(Qs) in 3^ in Figure 
4 is realized by the 3-paths B^E^F^Fd and F^P^E^D^ in 5, which share two 
edges with a common vertex but differ in an edge, with union of these 2 3-paths 
realized by a tree T\ with just one vertex of degree 3, namely t\ = E±, from 
which 2 1-paths and one 2-path depart. A similar tree T 2 is obtained from 
the red 2-path DdF^Bd- This T 2 intersects T\ on the 1-path F^F^, which is a 
terminal 2-path of both T\ and T 2 on their 2-paths departing from t\ = E4 and 
degree 3- vertex t 2 = Ed of T 2 , respectively. The other two red 2-paths in Figure 
4 behave similarly, leading to trees T3 and T4 intersecting at the 1-path BqEq. 
Similar behavior holds for the blue and the green 2-path quadruples in Figure 4, 
leading to pairs of trees that intersect respectively at the 1-paths D<±Di, BdCd 
and the 1-paths B4C4, DfDd- Thus, if 0^ is this copy of L(Qs) in y, then 0'i 
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coincides with 81, where 0i = A . With this, the reader is invited to complete 
an example for the situation presented in the previous paragraph. 

Now, we need only to prove item (8) of the statement of the theorem. Since 
we took the copies of P2 in y in correspondence with the copies of P4 in S, 
reattaching then the 3-cycles of y resulting from the 9-cycles of S by zipping 
corresponding copies of K2 in y, so leading to the 102 copies of K4 and to the 
102 copies of L(Q4)), we have that: (a) the 17-cycles of S have their distance- 
3 graphs in y as 17-cycles themselves, (for example, (A AiA 2 . . . A g ) in S is 
transformed into (AqA^Aq . . . A e ) in y, which uses the same vertices with a 
uniform adjacency advancement of three index units in each case, instead of 
one unit); (b) for each reconstruction ^(P 1 , P 2 , P 4 , P 8 ) of S as in Section 3, 
there is a reconstruction ^'((P 1 ) 3 , (P 2 ) 3 , (P 4 ) 3 , (P 8 ) 3 ) of y determined by the 
distance-3 graphs (P 1 ) 3 , (P 2 ) 3 , (P 4 ) 3 , (P 8 ) 3 ) of P 1 , P 2 , P 4 , P 8 , respectively; 
(c) each ^'((P 1 ) 3 , (P 2 ) 3 , (P 4 ) 3 , (P 8 ) 3 ) has 8 automorphisms that form a cyclic 
subgroup of B, obtained by multiplying the vertex indexes by 2 mod 17; (d) the 
index-translation action mod 17 on S appears multiplied by 3 mod 17 in y\ in 
other words, an index-translation action holds on y from a subgroup Zj.7 of B. 
It can be seen that the structure of A presented in Theorem 2 is then preserved 
in B. Since \B\ = \A\, then B is isomorphic to A. q 

The 2-paths ui mentioned before Theorem 7 form a partition of y into 153 
4-holes (not faces of L{Q^) in y); these can be obtained by adding x € Z17 
uniformly mod 17 to all indexes in the following generating-set table of such 
4-holcs, shown in the left column; the rightmost four pairs of copies of (as 
in the item (c) that accompanies Figure 4) are shared by the subsequent 2- 
paths in each 4-cycle, and the vertex pair following the 4-cycle is formed by 
two vertices that alternately are at distance two from the endvertices of each 
composing 2-path: 



(A 2 B B 1 A g ) A A l 


(4 4) 


(4 eg) 


(da eg) 


(4 


4) 


{CoAgEaAt) A B 


(4 fi) 


(c? d°) 


(4 ft) 


(4 




{C&EqCclAo) BqCo 


(a? /?) 


u 2 4) 


(4 4) 


(di 


fi) 


(DoAoFaCa) B E 


(4 cj) 


(/! fi) 


(4 4) 


(4 


4) 


(CsBoB^Cd) C0C4 


( a 3 e l) 


{e\ a°) 


Ut 4) 


(.4 


fi) 


(D 4 D f E 2 E ) D„D 2 


{a\ b%) 


(b% d%) 


(di b%) 


(« 


4) 


(F D 2 B D f ) D Eo 


(c\ af) 


(a° d°) 


(4 4) 


(4 


K) 


(F 8 BoF 9 Do) EqFo 


(c? f?) 


(4 af) 


(b| K) 


(4 


4) 


(E$ EoFgFg) FqFs 


(bl fi) 


{b% 4) 


(4 b d 3 ) 


(/ 3 ° 


bl) 



Since any vertex of each yf has degree four in yf , the corresponding £l(yj) has 
a well-defined complementary partition Q'(yf) of yf into 3-paths. The collection 
of 3-paths in all the partitions £l'(yf) reassembles as a collection of 306 copies of 
Ki t 4. A generating set of these copies is shown subsequently, with the remaining 
copies of K\ t 4 obtained by addition of x € Z17 uniformly mod 17 to all indexes 
i G Z17 of vertices Yi and subgraphs y*-, where j — 1,2,3 stand still for red, 
green and blue, respectively: 
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D a (b\F t b\) (b 1 2 E d d s 2 ) (d[B fa[)(a 3 2 D b bfj 

D (afF 9 cl) (clA c a 2 ) (eg F 8 a*) (af C ag) 
D (&1 D 6 a|) (a? B 2 d?) (d| B 4 6f ) (6? F 2 6?) 

E (a° D d b|) (f>| B 2 d°) (d° Bf fe^) ( b 3 Di a O) 

E (6|F 1C °) (c°F s 6=) (blE 9 f°) (f°E 8 bl) 

BaC/^i^) (d?C 4 /f) (/fA a 4) K Cd/|) 

F (clA cl) (c\D 2 4) (alCo4) (a d 3 D f cf) 

F (6gU 8 63) (h|F 7C 8) (cfBg/f) (f§E g b() 

FoU^E.bi) (b 4 2 D 9 b^ 2 ) (b*F a 4) (c\B 9 f») 



A (e b 3 A 3 dl) (d\ E 1 c\){cl B 2 e%) (e\ C 1 e\) 
Ao (/| C 4 d\) {dl D d{)(d{ C d /|) (/ 3 9 F fl) 
A (d g 3 A e e 6 3 ) (el C g e?) (e\ B f ) (c| B 9 df ) 
B (ef B d a°) (a° B 4 e*) (e* C 9 /°) (/° C s e«) 
B (e\ Aj d°) (d° A 2 el) (e§ B g c°) (c° B 1 e\) 
B (a% D 2 c\) (c\ Fg af) (a d D f cf) (eg B 8 a*) 

Co (4 Do 4) (4 Aif?) (/I ^0 / 2 8 ) (f!A„df) 
Co {el A d e 2 2 ) (el B 9 af) (af E d f*) (f d C 5 e^) 
Co (d{ B s 4) (a* B 4 /f) (ft C c e°) (e° A 4 d£) 



This generating set of copies of ifi 4 has each entry starting with a degree- 
4 vertex Yq followed by four parenthesized expressions each containing as its 
central entry a neighbor Y' of Yq flanked by the two subgraphs y* to which 
the edge Y Y' belongs, so that each participating y l appears repeated twice 
(with two different colors as and yj,), once before a right parenthesis 
and once after the subsequent left parenthesis, where the first left parenthesis 
is considered as subsequent to the last right parenthesis. 

Let I and J be the collections formed respectively by the 153 non-cuboctahedral 
4- holes of y and the just presented 306 copies of if 1,4. Then, X is an edge-disjoint 
collection of 4- holes in y and J is a i-3-disjoint collection of copies of if 1,4 in 
y . Moreover, y is I-UH. However, we can only say that any homomorphism 
between members of J preserving the order of presentation of central- vertex 
neighbors in corresponding copies of ifi,4, as in the table above, extends to an 
automorphism of y . 

Observe that each copy y of L(Qs) in y intersects 8 other copies of L(Qs) in 
a triangle each, and twelve other copies of L(Qs) in a 2-path of Q(y) plus one 
vertex at distance two from its endverticcs each, a total of twenty copies of 
L(Qz) touching y cither in a triangle A or in a 2-path uj of Q(y) and the only 
isolated vertex at distance two from the endverticcs of uj via monochromatic 
paths in the other two colors from that of ui. 

The graph I' generated by the (diagonal) chords of the 4-cycles of I coincides 
with the distance-2 graph S 2 of S and is an arc-transitive 6-regular graph of 
diameter 4 and automorphism group PSL(2, 17). 

Expressing the copies of if 1,4 in J simply as u(v)(w)(x)(y), (for example the 
copy of K4 in the first line of the last table expressed simply as A (A 3 )(Ei)(B2) 
(Ci)), we may consider the graph J' generated by the corresponding 4-cycles 
(v,w,x,y). Then J' coincides with the distance-4 graph of S and is an arc- 
transitive 24-rcgular graph of diameter 2 and automorphism group PSL(2, 17). 

Now that we know that 1' = S 2 and J' = <S 4 , we recognize finally that y = S 3 , 
(even though a similar result does not follow in the case of |7J, since the Klein 
graph is not the distance-2 graph of the Coxeter graph). 



Theorem 8 y = S 3 , T = S 2 and J' = <S 4 
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5 Considerations related to Question 1 



In trying to answer Question 1 in the Introduction, one may perform the Carte- 
sian product of the graph X of [6] with a copy of K2 to obtain a A^-UH graph 
on 84 vertices, but this is not an edge-disjoint union of copies of K±. Similarly, 
the rooted product of a A^-UH vertex-transitive graph A with a A4 is an edge- 
disjoint union of copies of A'4 and it is not a line graph if A is not a line graph, 
but it fails to be A'4-UH. More interesting are the Cartesian powers of K4, X and 
y. These Cartesian powers are AT4-UH graphs but not Menger graphs of self- 
dual configurations. For example, the Cartesian square of K4 is a AT4-UH graph 
as well as the Menger graph of a (I62, 84)-configuration constituted by the lines 
{00, 01, 02, 03}, {10, 11, 12, 13}, {20, 21, 22, 23}, {30, 31, 32, 33}, {00, 10, 20, 30}, 
{01, 11, 21, 31}, {02, 12, 22, 32} and {03, 13, 23, 33}, which is not a self-dual con- 
figuration. This situation is treated subsequently in more generality. 

Theorem 9 Let G be a connected K^-UH graph that is not a line graph but is 
the edge-disjoint union of copies of K$. Let H be the Cartesian product of G 
with itself, or Cartesian square of G. Then H is: (a) connected; (b) not a line 
graph; (c) the edge-disjoint union of copies of A'4/ (d) K4-UH. 

Proof. Item (a) arises because the Cartesian product of connected graphs is 
connected. Item (b) holds since H contains G as an induced subgraph but the 
class of line graphs is hereditary. Item (c) holds since in fact being a Cartesian 
product, H decomposes into edge-disjoint copies of G. For item (d), note first 
that G is vertex transitive, since every vertex is incident with an edge, every 
edge is in a A4 and since G is AT4-UH. By definition of the Cartesian product, for 
every A'4 in H one of the two natural projections to G maps the A'4 to only one 
vertex. Let A and B be two labeled copies of A'4 in H . We show that there is an 
automorphism that maps A to B. First note that the automorphism group of 
H contains the automorphism that interchanges the first factor with the second 
factor. Thus we may assume that both A and B project to a single vertex 
under the natural projection to the first factor. Suppose A maps to v a and B 
to vt under this projection. Since G is transitive there is an automorphism of 
G mapping v a to v^. This automorphism extends to an automorphism of H in 
the natural way. Thus we may assume that v a = Vf,. Let A'4 and K\ be the 
(labeled) AT4 images of the natural projection to the second factor. There is an 
automorphism of G that maps Aff to K\. This extends to an automorphism of 
H and maps AtoB. j-j 

Question 10 Are there any non-line- graphical connected K4-UH graphs that 
are edge-disjoint unions of copies of K4, for positive integers n different from 
either 4 or 42 or 102 or a power of any of these three integers? 

Finally, [5] presents three self dual (^-configurations, namely (54), (84) and 
and (44), whose Menger graphs are AT4-UH but not edge-disjoint unions of copies 
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of K4. They are obtained respectively from their Levi graphs, namely K 5 , Q4 
and the result of adding to Q4 the four edges between opposite vertices. 

Acknowledgement. I thank the two referees of a previous version of this paper 
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